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DISCRETE SERIES CHARACTERS AND TWO-STRUCTURES

REBECCA A. HERB

ABSTRACT. Let G be a connected semisimple real Lie group with compact
Cartan subgroup. Harish-Chandra gave formulas for discrete series characters
which are completely explicit except for certain interger constants appearing
in the numerators. The main result of this paper is a new formula for these
constants using two-structures. The new formula avoids endoscopy and sta-
ble discrete series entirely, expressing (unaveraged) discrete series constants
directly in terms of (unaveraged) discrete series constants corresponding to
two-structures of noncompact type.

1. INTRODUCTION

Let G be a connected semisimple real Lie group with finite center. Associated
to each irreducible unitary representation m of G is its distributional character ©.
These characters are actually analytic functions on the regular set of GG, and it is a
fundamental problem of harmonic analysis to find formulas for these characters as
functions on the regular set. For the important class of tempered representations
these character formulas are well understood. The fundamental representations in
this case are the irreducible discrete series (and limit of discrete series) representa-
tions. All other irreducible tempered representations can be obtained from these
representations via unitary parabolic induction [K-Z]. Since character formulas for
parabolically induced representations are known, given the formula for the induc-
ing representation, the basic objects of study are the characters of discrete series
representations.

Harish-Chandra gave formulas for discrete series characters in [HC1]. These for-
mulas are completely explicit except for certain integer constants appearing in the
numerators. The main result of this paper is a new formula for these constants.
This formula uses the notion of a two-structure introduced in [H3] to give a formula
for the analogous constants appearing in formulas for averaged discrete series char-
acters. A more complicated formula for the (unaveraged) discrete series constants
was given in [H4]. There the idea of endoscopy was used to write formulas for
discrete series constants in terms of averaged constants for endoscopic groups. The
new formula avoids endoscopy entirely, expressing discrete series constants directly
in terms of (unaveraged) discrete series constants corresponding to two-structures
of noncompact type. It could be used to greatly simplify the proof of the Fourier
inversion formulas for orbital integrals in [H4]. It is not clear how two-structures
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are related to the more geometric formulas for discrete series and averaged discrete
series constants in [G-K-M].

In its simplest form the result can be stated as follows. Let ® be a root system
in a real vector space 2. We assume that ® contains a root system ®g, called the
compact roots, and that ® is spanned by a set of strongly orthogonal noncompact
roots. Then we have a discrete series constant d(E* : ®1) for each choice &1 of
positive roots and each connected component E* of

E' ={reE:{(r,a) #0V a € o}

In [H3] we defined a set 7(®) of two-structures for ®, and associated to each
¢ € T(®) and choice T of positive roots a sign e(¢ : 1) = +1. Each ¢ € T(®)
is a root system contained in ®, has the same rank as ®, and has all irreducible
factors of type Ay or By ~ Cs. Let ¢ = ¢ N Pg. We say a two-structure is of
noncompact type if it is spanned by a strongly orthogonal set of noncompact roots,
and write 7,,(®) for the set of all two-structures of noncompact type. Let ®T be
a choice of positive roots for ® and let E* be a connected component of E’. Then
for each ¢ € T,,(®), pT = ¢ NPT gives a choice of positive roots for ¢, and there is
a unique connected component E3 of

E'(p)={r € E:{(r,a) #0V a € ¢}

which contains £*. This data parameterizes a discrete series constant d(E} : o).
Since every irreducible factor of ¢ is of type A; or Ba, d(Eq’g : ¢T) is a product of
discrete series constants corresponding to root systems of type A; or By. These
constants are easy to compute. (See for example [K, p. 498].) Define ¢(®) =
[L(¢) : L(®)], the index of the weight lattice of ® in the weight lattice of ¢. It
is independent of ¢ € T,,(®), since all two-structures are conjugate via the Weyl
group of ®. The main result of this paper is the following theorem, which will be
stated in a more detailed form as Theorem 3.4 below.

Theorem. Let ®1 be a choice of positive roots for ® and let E* be a connected
component of E'. Then

d(E*: 1) =c(®) Y e(p: dT)d(E]: ¢T).
E€Tn ()

The theorem is proven by showing that the right hand side of the equation has
the usual properties which can be used to characterize discrete series constants.
The only one of these which is difficult to verify is the patching condition.

2. DISCRETE SERIES CHARACTER FORMULAS

Let G be a connected semisimple Lie group with a compact Cartan subgroup
B. For any closed subgroup H of GG, we denote the real Lie algebra of H by the
corresponding lower case German letter ) and the complexification of h by hc. Let
K be a maximal compact subgroup of G containing B and let g = £ + p be the
corresponding Cartan decomposition.

Let ®¢ = ®(gc,bc) denote the roots of be in ge, and let P = P(bc, be)
denote the set of compact roots. For any root system ® C &g, we will let W (P)
denote the Weyl group generated by reflections in roots of ®. Since G is connected,
Wa = Ng(B)/B can be identified with W (® k).
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Let E = ib* denote the real vector space of all complex linear functionals on bc
which take pure imaginary values on b. The ®¢ C E and we define

E'={r€F:{(r,a) #0VY a € &5}
For any root system ® C &g, we also define
E'(®)={r€E:{(r,a) #0V a € d}.

Fix a choice of positive roots <I>JC§ and let p be half the sum of the roots in CIJJCS.
Then A € E' is called a discrete series parameter for G if e* =" gives a well-defined
character of B.

Fix a discrete series parameter A € E’. Write

Ap®) = J[ @=e @), beB,

+
acds

and define

1. .
q= §d1mG/K, e(\) = sign H (a, A).

+
acds

Then, by [HC2, §27] there is a unique discrete series representation of G with
character €(\) (—1)90,, where ©) is given on regular elements b € B by

(2.1) Ap(b) ©x() = > detw e (b).

weWa

To describe the formula for ©) on noncompact Cartan subgroups, we follow the
notation of Harish-Chandra in [HC1, §22]. Thus we let A denote a 6-stable Cartan
subgroup of G with A = AjAr, A = AN K,agr C p. Fix a connected component
AT of

A/(R) = {h €A: eo‘(h) 75 1Vae (I)R(gc, ac)},

where ®r(gc, ac) denotes the set of roots of ac in gc which take real values on a.
Then At = A}'AE, where A}" is a connected component of A; and A; Cc Ar. We
can assume (by conjugating if necessary) that A}" C B. Let 3 be the centralizer of
A}" in g, and let = be the analytic subgroup of G corresponding to 3. Then b and
a are both Cartan subalgebras of 3. Fix a Cayley transform y € Ad(3¢) such that
y(bc) = ac. Then y®f gives a choice of positive roots for ®(gc,ac). For h € 4,
define

Aam) = [ @=e>(n).
aEyCDé
If G is acceptable we can also define
Aa(h) =e’?(h)Aa(h).

Write ® = ®(3¢,be). Since 3 has a Cartan subalgebra a which is split modulo
the center of 3, the root system @ is spanned by a strongly orthogonal collection of
noncompact roots. Further, y® C ®r(gc,ac). Let W(AT) = W(y®), W(4]) =
We N W(®), and Wz = N=(B)/B. Note that W= is a subgroup of W (A7 ).
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Assume that G is acceptable. Then by [HC1, Lemma 59], for each s € W(A™)
and connected component E* of E’ there is a unique constant cyc(s : E* : A1),
such that for all hy € A;r, ho € AE,

Aa(hihy) Ox(hahy) = Y dett e ()
tEW (AT )\Wg
(2.2) X Z det s cpo(s: tE*(A) : AT)exp(s(tA)Y log hs).
SEW(AT)

Here E*(A) is the connected component of E’ containing .

For any s € W(A™) and connected component E* of E’, by [HC1, Lemma 58]
we have
(2.3) cuc(s: E*: A1) = Z c;(stY it E* 1at)

tEW(AT)/ W=

where at = a; + a;, and the constants ¢;(s : E* : a™) come from the theory of
the Lie algebra [HC1, Lemma 40]. Using the definition following [HC1, Lemma
40], we see that ¢;(s : E* : a*) depends only on the connected component E7 of
E'(®) containing F*. Formula (2.3) shows that the constants cyc(s : E* : A1)
depend only on the local isomorphism class of G, and are given by a simple formula
in terms of constants which depend only on data corresponding to 3, not on the
original group G.

As in the proof of Lemma 59 in the middle of page 304 of [HC1], we can rewrite
equation (2.2) in terms of these local constants as

Aa(hihg) Ox(hihy) = > dett e (hy)

teW=\Wg
(2.4) X Z det s c;(s: tE*(N) : a¥) exp(s(t\)Y log ha).
sEW (AT)
Note that W(AT) = W(y®) = {w? : w € W(®)}. Further, if we define
(af)={ac®:ya(H) >0V H cat},

then ®(a™) is a choice of positive roots for ®, and a* is the positive Weyl chamber
of a with respect to y®(a™). We change notation slightly and write

c(w: E* : ®(a™)) =¢;(w? : E* 1 a™).
Then we can rewrite equation (2.4) as

Aa(hihg) Ox(hihy) = > dett e (hy)

teW=\Wg
(2.5) X Z detw c(w : tE*(X\) : @(a™)) exp((wtA)? log ha).
weW (D)
Since the Cayley transform y centralizes A;r,

AA(hth) = eyp(hth)AA(hth)l = e”(hl) eyp(loghg) AA(hth)l.
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Thus we can rewrite formula (2.5) as

Ax(hihg) Ox(hihy) = > dett e P(hy)

teW=\Wg

(2.6) X Z detw c(w : tE*(X\) : @(a™)) exp((wth — p)Ylog ha).
weW (D)

Now suppose that G is not acceptable and X is a discrete series parameter for G.
Asin [HC2, §27], G has a two-fold acceptable cover G1, and A is also a discrete series
parameter for Gy with character formula (2.6). But since both sides of equation
(2.6) are well-defined on G, the formula is also valid for the discrete series character
formula on G.

Remark. The assumption that G has finite center is not really necessary. Using the
techniques in [H-W], formula (2.6) can also be used in the case that G has infinite
center and B is compact modulo the center of G. In this case the representations
are not true discrete series, but rather “relative discrete series”.

We want to study the properties of the discrete series constants, and show
that they are completely characterized by these properties. Since the constants
c(w : E* : ®) depend only on data involving the Lie algebra 3, we may as well
assume that G is acceptable and that G = Z, so that A;“ is central in G. Now since
the discrete series character transforms by the central character along its center, we
may as well assume that AT = A9 = {1}. That is, we assume that G is a connected
split semisimple Lie group and A is a split Cartan subgroup. We may as well also
assume that G C G¢, where G¢ is a simply connected complexification of G.

Under these assumptions, let T be any choice of positive roots for ® and E*
any connected component of E' = E’'(®). Then for any discrete series parameter
A€ E*and any a € AT = {a € A° : ya(loga) >0V a € ®}, we have

(2.7) Ax(a) Ox(a) = > detw c(w: E*: &) exp((w)? loga).
weW (P)

We first show that the constants do not depend on the choice A of split Cartan
subgroup or the Cayley transform.

Lemma 2.1. Let h be any split Cartan subalgebra of g and let ¢ be any Cayley
transform in Ad(gc) such that c¢(bc) = ho. Define Ay as above using c®t. Let
he H" ={h € H° : ca(logh) >0V a € ®T}. Then

Ap(h) Ox(h) = Y detw c(w: E*: &F)exp((w))® logh).
weW ()

Proof. Since h and a are both split Cartan subalgebras of g, there is k € K such
that kAk™! = H. Let ¢; = Adkoy : bg — hc. Then ccl_l(hc) = bhc, and so
represents an element of W(gc, hc). But since b is split, there is k' € Ng (H) such
that cc;! acts on ho as Adk’. Thus ¢ = Adk’ o ¢; = Ad(k'k) oy as a mapping
from be to ho, and K'kA(K'k)™r = K'H(K')~' = H. Thus we can assume that k is
chosen so that ¢ = Adk o y as a mapping from bc to he. Then

EATE™' ={h e H° : ya(Adk ' logh) >0V ac ®") = HT.
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Fix h € HT and let a = k~'hk € AT. Then

Ap(h)=e®(h) J] @ —e(h)=e(Ad(k™")n) ] 1 —e*(Ad(k™")h))

accdt acydt

= (@) J] (1-e (@)= Aula).

acydt

Now since Oy (h) = ©,(a),

Ag(h) ©x(h) = As(a)Oy(a) = Z detw c(w : E* : ®1) exp((w) loga).
weW (P)

But y~'loga = y~'Adk'logh = ¢ 'logh. Thus
exp((wA)Y log a) = exp((wA)®log h).

Lemma 2.2. Let u € W(®). Then for all choices of w € W(®), E*, and T,
cluw: E* :udt) =c(w: E* : &),

Proof. Let X be a discrete series parameter in E* and let at be the positive Weyl
chamber for y®*. Then for all a € AT,

Ax(a) Ox(a) = Z detw c(w : E* : ®1) exp((w) log a).
weW (P)

Since a is split, every element of W (®)¥ = W (y®) is induced on a by an element
of G. Thus there is * € G such that zaz~! = exp(u¥loga). Now zaz~! €
exp(u¥a™), and ®(u¥a™) = uP(at) = ud®*. Thus

Aa(zaz™) O (zaz™)
= Z detw c(w : E* : ud®™) exp((wA)? (u¥ loga)).
weW (@)
Using the change of variables, w — uw, we have
Aa(zaz™) Ox(zaz™)
= Z detudet w cluw : E* : u®™) exp((uw)? (u¥ log a))
weW (@)
= detu Z detw c(uw : E* : u®™) exp((w)? log a).
weW (@)
But ©)(zar™!) = ©,(a) and
Aa(zaz™) = det ul 4(a).
Thus we have
Z detw c(w : E* : ®1) exp((w)Y log a)

weW (D)

= Z detw c(uw : E* : u®™) exp((w)? log a).
weW ()



DISCRETE SERIES CHARACTERS AND TWO-STRUCTURES 3347

Since the exponential terms are linearly independent, we must have
cluw: E* : ud®t) = c(w : E* : &)
for all w € W(®). O

Remark. Lemma 2.2 is probably a consequence of [HC1, Corollary to Lemma 33].
However it is easier to reprove it than to track down all the notation.

Lemma 2.3. Let t € W(®g), where Ok denotes the set of compact roots in P.
Then for all choices of w € W(®), E*, and &7,

c(wt : t7E* @) = c(w: E* : ®T).
Proof. Under the assumption that G = = we have W (A}) = W (®k) and
c(w: E* : ®(a™)) = cyc(w? : B* : AT).
Thus the lemma follows from the equation
cuo(su? i u ™ E* i AY) = cpo(s: B* : AT),u € W(A]),
following Lemma 58 of [HC1]. O
Lemma 2.4. Suppose that there is 7 € E* such that (wr,a) > 0 for all « € ®T.
Then c(w : E* : ®T) = 0.

Proof. Let at be the positive Weyl chamber for y®*. For each o € @, let Hyo € a
correspond to ya by the usual Killing form identification of a and a*. Then H =
> aco+ Hya € at and ((wr)¥,H) = (1Y, (w¥)"*H) > 0. Now by [HCI, Lemma
60], cgc(wY : E* : AT) = 0. As in the proof of Lemma 2.3,

cuc(w? : E* : A7) = c(w: E* : ®T).
(]

Remark. Since E* is a connected component of E'(®), the condition of Lemma 2.4
holds for some 7 € E* if and only if it hold for all 7 € E*. Further, Lemma 2.4 is
much weaker than [HC1, Lemma 60]. However, for the induction, we only need to
know that the constants are zero in one chamber.

In order to completely characterize the constants c(w : E* : @) we will need a
patching condition. As above we assume that G is split and AT C A%, where a is
a split Cartan subalgebra. Fix o € ® and let

By ={Be®:(3a)=0}

We will say that « is a good root of ® if ®, is spanned by strongly orthogonal
noncompact roots.

Lemma 2.5. Let a € ®. Then « is a good root of ® if and only if there is a 0-
stable Cartan subgroup H = HyHp of G with H? C B and ®, = ®(3¢, bc), where
3 is the centralizer in g of HY.

Proof. Suppose that such a Cartan subgroup H exists. Then ®,, is the root system
of a Lie algebra 3 (with respect to compact Cartan subalgebra b) which has a Cartan
subalgebra h which is split modulo the center of 3. Thus ®,, is spanned by strongly
orthogonal noncompact roots.
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Conversely, suppose that ®, is spanned by the set S of strongly orthogonal
noncompact roots. Let cg =[] ges CBs where cg denotes the Cayley transform in
B. Then cg(bc) = hc, where h = by + hr is a Cartan subalgebra of g with

hr=hnte={Heb:B(H)=0V3€S}=RiH,
and

br=hNp=> Res(Hp),

Bes

where for all 3 € ®, Hz € b corresponds to 8 via the Killing form. Clearly
H? C B and ®, = ®(3¢, bc). O

Suppose that « is a good root of ®, and let H be the Cartan subgroup with
HY C B and ®, = ®(3¢,bc) given by Lemma 2.5. Let ¥ € Ad(3c) be a Cayley
transform with y’bc = hc. Let ®T be a choice of positive roots for which « is
simple, and let &% = T N &,

H; = {hQ € Hp: y’ﬁ(loghg) >0V 3e (I)I}

Then if Ay is defined using y'®*, for any hy € HY, ho € Hj, by equation (2.6) we
have

Ap(hih2)Ox(hihy) = Y dett (k)

teW=\Wg

(2.8) X Z detv c(v : tE* : ®F) exp((vtA)? log hy).
VEW (o)

Thus when « is a good root we have associated discrete series constants
clv: E* : dF),v € W(P,). In order to state the patching condition cleanly in
our terminology, we will extend our definition. Let w € W(®). Then we define
c(w: E* : ®F) = 0 unless w = vt,v € W(®,),t € W(Px). When w = vt,v €
W(®,),t € W(Pg), we define

c(w: E*: @) =c(v:tE*: ®}).

Lemma 2.6. Suppose that a is a good root of ® and is simple for the ordering ®+.
Then for all w € W(®),

c(w:E*: @) +c(sqw: B* : ®1) =c(w: E* : ®}F) + c(sqw : E* : ).
Here s,, denotes the reflection corresponding to «.

Proof. Such a patching condition for constants on the Lie algebra appears in [HC1,
Lemma 26]. However it will be easier to derive our patching condition from the
treatment by Knapp in [K, 13.5].

As in the proof of Lemma 2.5, let S be a collection of strongly orthogonal non-
compact roots spanning ®,, and define hc = cg(bc). Then cg®, is the set of
real roots of h in g, and +cga are the only roots which take pure imaginary values
on h. Since g is split, the root cga must be a noncompact imaginary root of b.
(Otherwise h would be maximally split in g.) Let ¢; be the Cayley transform in
csa. Then there is a split Cartan subalgebra a’ of g so that ac’ = c1hc = cbg,
where ¢ = c¢1cg. By Lemma 2.1, the constants occurring in the character formula
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for @’ are the same as those occurring in the character formula for a. Thus we have
the character formula

Au(ad) Ox(d) = Z detw c(w: E* : &) exp((w)°loga’)
weW (®)
fora’ € (A)t ={a’ € A" : ca(loga’) >0V a € d}.

Compare this to [K, formula 13.30]. In [K, 13.30] ©, denotes the actual discrete
series character, so (13.30) contains the term (—1)%¢()\). It contains constants
cx(w, A\, AT ), w € W(®), where A7 is the positive system in ®(gc, ac’) determined
by (A’)*. Thus in our notation, A} = ¢®*. Thus for all w € W(®) we have

c(w: E*: ®T) = cx(w, A, c®).
Now let o/ = ca. It is a simple root for AZ = c¢®T. Knapp defines
Al o =1{B€ AL (B,0) =0}

Thus AJLF)O/ = ¢®}, and the Cayley transform d.s used in [K] is just ¢;*. Thus

('R
dor(ac’) = he, and the Cayley transform ¢* : bg — ho is ¢ = cl_lc = cg. Now
HY? C B is the connected component of H; containing (A’)? = {1}. As above, the
constants c(v: E*: ®}), v € W(®,), are the constants occurring in the character

formula

Ap(hiha)Ox(hihy) = Y dett e”(h)

teW=\Wg

X Z detv (v : tE* : &%) exp((vtA) log hs)).
veEW (®q)
Note that W(HY?) = WgNW (®,) is the set of all elements in W which fix o. Now
since Wg = W(®k) is generated by reflections in the compact roots, W N W (D)
is generated by reflections in compact roots which are orthogonal to «. Thus
W(HY) = Wz = W(®,, k), where &, = ®x N P,. Thus the exponential terms
occurring on the right hand side of the above equation are linearly independent.
The comparable formula from [K, 13.30] is

Ap(hih2)Ox(hihs) = > detw cx(w, A, Af )" (hy) exp((w)® log hy).
weW ()

Comparing the coefficients of the different exponential terms, we see that
c(w, A\, AF ) = 0 unless there are t € W(®k),v € W(®,) such that w = vt.
If w = vt then

ek (w, /\,Aza,) =c(v:tE*: ®}).
Thus for all w € W(®), using the extension of our constants to W(®), we have
ek (w, /\,A;a,) =c(w: E*: ®}).

The patching condition in [K, formula 13.34] is

c(w, A, AJE) + c(saw, A, AZ) = c(w, A, Az,a/) + c(saw; A, Az,a')v w e W(®).
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In our notation the patching condition becomes
c(w:E*: @) +c(sqw: B* : ®1) = c(w: E* : ®F) + c(sqw : E* : ®F).
|

The patching condition relates the constants for ® to those of the lower rank
root system ®,. We also need an initial condition. This comes from the discrete
series character formula on the compact Cartan subgroup B, and corresponds to
the case that ® = (). Then E'(®) = E and W(®) = {1}. Tt is consistent with our
notation and equation (2.1) to define

(2.9) c(1:E:0)=cpgc(1: E:B)=1.

3. AMPLIFIED STATEMENT OF THE MAIN THEOREM

Let @ be a root system spanned by strongly orthogonal noncompact roots, and
E a real vector space containing ®. Then for every connected component E* of
E'(®), every positive system & for ®, and every w € W(®), we have a constant
c(w : E* : ®T) coming from discrete series character formulas as in §2. By Lemmas
2.2,2.3,2.4, 2.6, and equation (2.9), these constants satisfy the following conditions.
For all u,w € W,v € Wg = W(Pg),

(3.1) cluw : B* : u®t) = c(w: E* : T);
(3.2) c(wo: v 'E* ®T) = c(w: B ®T);
(3.3) c(w: E*:®")=0if there is 7 € E* such that (wr,a) >0V ac &t

(3.4) c(1:E:0)=1;

Let o be a good root of ® which is simple for ®*. Then, using the notation of
Lemma 2.6,

(35) clw:E*: ®T) +e(sqw: E* : 01) =c(w: E* : 1) + c(sqw : E* : ®).

Since @ is spanned by orthogonal roots, every irreducible factor of ® will be of
type A1, By, Cp, Doy, E7, Eg, Fy, or Gs.

Definition. If ¢ is irreducible of type A1, Bont1, Don, F7, Eg, or Ga, we will say
that ®T is a good choice of positive roots if all simple roots are noncompact. If ®
is of type Ban, Cp, or Fy, we will say that ®* is a good choice of positive roots if
all long simple roots are noncompact and all short simple roots are compact.

Lemma 3.1. Let ® be a root system spanned by strongly orthogonal noncompact
roots. Then a good choice of positive roots exists. Further, if a is any simple root
for a good choice of positive roots, then a is a good Toot.

It is enough to prove Lemma 3.1 in the case that ® is irreducible. It is checked
for each case in §5.

Lemma 3.2. Properties (3.1)-(3.5) determine the constants c(w : E* : ®T) com-
pletely.
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Proof. The constants are defined by (3.4) if rank ® = 0. Let ® have rank n and
assume inductively that the constants are completely defined for root systems of
rank less than n. Let <I>;’ be a good choice of positive roots. Then any choice ® is
of the form ®* = u®/ for some u € W. Now for any w € W, E* C E’, using (3.1),

c(w:E*: ") =clu w: E*: ).

Thus it is enough to define the constants for <I>;‘. For <I>§|r we have patching condi-
tions for every simple root, so as usual we can use (3.3), (3.5), and the induction
hypothesis applied to the root systems ®F to determine all the constants corre-
sponding to &/ O

Suppose ®; and P, are two root systems as above in real vector spaces E; and
FE> with positive roots CIJZ'-" and compact roots ®; ,¢ = 1,2. Let ¢ : By — Ey be
an isomorphism such that

Y(@F) = @F, ¢Y(P1,x) = P k.

For each E} C Ef, we have E} = ¢(E}) C E}. Also, for any w; € W (1), wy =
Ywip~t € W(P2). Now because v preserves all the structure used to characterize
the constants, for all wy € W(®4), Ef C E] we have

(3.6) c(we : B3 : ®F) = c(pwip™' : B} 1 @) = c(wy : B} : 7).

Let ® be a root system spanned by strongly orthogonal noncompact roots as
above, and write W = W (®). Recall that a root system ¢ C ® is called a two-
structure for & if:

(i) all irreducible factors of ¢ are of type Ay or Ba ~ Cby;

(i) for any choice ¢T of positive roots for ¢, {w € W : w¢™ = ¢T} contains no
elements of determinant —1. Property (ii) forces a two-structure ¢ to be as big as
possible; in particular rank ¢ = rank ®.

Let 7(®) denote the set of all two-structures of ® and let @ be a choice of
positive roots for ®. For each ¢ € T(®), let ¢ = ¢ N ®T. Define

W(p,®")={oc € W:0¢pt C ®T}.
Then as in [H3] or [K, p. 501] we can associate to each ¢ € 7 (®) a sign e(¢ : 1) =
+1. These signs have the property that for any ¢ € 7(®),0 € W(¢,®1),w € W,
(3.7 €(op: ®1) =deto e(¢p: ®T);

(3.8) e(we : wdT) =e(p: dT).
They satisfy the following compatibility condition with patching. Let o € ® and
¢ € T(®). Then if a € ¢, we define ¢, = ¢ N P,

Lemma 3.3. Let o be any root of ® and let T be a choice of positive roots for
which « is simple. Suppose ¢ € T(®) is such that o € ¢ and ¢ € T(Py). Then

€(p: @) = e(pa : ).
Lemma 3.3 was stated without proof in [H3]. A proof is given in §5.
Two structures were used in [H1], [H3] to obtain a formula for the constants

occurring in averaged discrete series character formulas. For E* C E’, define the
averaged discrete series constant

CE* ) = [Wg] ™! Z c(w:w tE*: ®T).
weW
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Averaged discrete series constants corresponding to ¢ € 7 (®) can be defined as
follows. Let ¢ € 7(®). All irreducible factors of ¢ are of type Ay or By ~ Cs. By
identifying irreducible factors of type A; with the root system of the Lie algebra of
SL(2,R) and irreducible factors of type By ~ Cy with the root system of the Lie
algebra of Sp(2, R), we obtain a subset ¢ of compact roots. Every root occurring
in an A; factor will be noncompact, and any long root occurring in a By ~ Cs
factor will be noncompact. In By ~ Cy factors, one short root (and its negative)
will be compact, the other will be noncompact. Which short root is compact will
depend on the identification used. Fix a choice of ¢ as above. Then for any choice
of positive roots ¢, w € W(¢), and E} C E(¢)" we have constants c(w : E : o).
Now let E* be a connected component of E' = E’(®). There is a unique connected
component £ of E'(¢) which contains it, and we write

c(w:E*:¢%) =c(w: Ej : ¢").
Define
AB":6T) = [W(ex)] ™" D clw:w 'E*:gh).
weW (¢)
Although the constants c(w : E* : ¢1) depend on the identifications used to define

oK, the averaged constants ¢(E* : ¢T) are independent of the identifications. It is
proved in [H1], [H3] that

(3.9) AET:dT) = Y e(¢p:dT)e(ET:oT),
GET (D)
where ¢T = ¢ N @ for all ¢ € T(P).

We want to obtain a formula similar to (3.9) for the (unaveraged) constants
clw : E* : &%), We will say a two-structure for & is of noncompact type if ¢
is spanned by a collection of strongly orthogonal noncompact roots of ®. This is
equivalent to the condition that all long roots of ¢ are noncompact in ®, where by
a long root of ¢ we mean any root in an A; factor and any long root in a By ~ Cy
factor. Write 7, (®) for the two-structures of noncompact type for ®. Then for
any ¢ € T,(P), ox = ¢ N Pk gives a canonical choice for compact roots in ¢. For
¢ € T,(P), we will always assume that this choice is used in defining discrete series
constants c¢(w : E* : ¢7),w € W(¢), E* C E'.

To get a direct analogue of formula (3.9) for the unaveraged constants, we would
like to express the constants c(w : E* : ®*),w € W, in terms of c(w : E* : ¢7),
¢ € T,(®). However, W = W(®) is not a subset of W(¢). Thus c(w : E* : ¢T) is
not defined for arbitrary w € W. We can get around this as follows. Recall from
(3.1) that for any w € W and any choice of ®T and E*,

clw:E*:®")=c¢(1: B* :w™'®™).
Thus it is enough to have formulas for the constants
dE* : ®T)=c(1: E*: ®T)

for any choice of @+ and E*. We also have constants d(E* : ¢7) = ¢(1 : E* : ¢F)
for every ¢ € T,,(®).

We will prove the following theorem in the next section. It contains a constant
¢(®) which does not occur in (3.9) and is defined as follows. For any ¢ € T (®)
let L = L(®) C L(¢), where L(®), L(¢) denote the weight lattices of ® and ¢
respectively. Let ¢(®) = [L(¢) : L(®)]. It is independent of the choice of ¢, since
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all ¢ € T(®) are conjugate via W = W (®). Its values for ® irreducible are given
by the following table, which also gives the type of ¢ in each case.

o A1 B,  Bopta Con  Conta Dy, Er Eg Fi Gi
6 A By BixB, C; CyxCp A Al A3 B A2
@) 1 2t on 11 gn—1 93 24 9 9

Theorem 3.4. Let E* be any connected component of E' and let ® be any choice
of positive roots for ®. For all ¢ € T,(®), let o7 = NPT, Then

d(E*: T) =c(®) Y e(¢: @) d(E": ¢T).
PETn (P)
Equivalently, for any w € W(®) and E*, ®T as above,

c(w:E*:0%) =c(®) Y e(p:w '@T)e(l: BT gnw T
PETL (D)

4. PROOF OF THEOREM 3.4

Let ® be a root system spanned by strongly orthogonal noncompact roots as in
§3. For any choice of positive roots ®* and w € W, E* C E’, define

s(w: E*: ®T) = ¢(®) Z e(p:wtdN)e(1: E* i pnw t0T).
o€Tn(2)

In order to prove Theorem 3.4 we must show that c(w : E* : ®T) = s(w : E* : ®T).
We will do this by showing that the constants s(w : E* : ®) satisfy the conditions
(3.1)-(3.5) characterizing the discrete series constants. Checking the first four of
these is easy.

Lemma 4.1. The constants s(w : E* : ®T) satisfy conditions (3.1)-(3.4).
Proof. Let uw € W. Then

s(uw : E* : ud®™)
= ¢(P) Z e(d:wtu T udM)e(1: B* i pNw tu"ludt) = s(w: E* : o).
€T (P)

Thus the constants s(w : E* : ®T) satisfy (3.1).

Let v € Wi = W(®g). Then o — v~ la preserves compact and noncompact
roots of ®. Thus for any ¢ € 7,(®), v=1¢ € T,(P) also. Define the mapping
Yy 1 E— E by ¢,(1) = v~ !7, 7 € E. Then 1,(¢) = v~'¢. Further,

Uo(d) =v (9N Pk)=v 9N Pg = (v 'P)k.
Thus, using (3.6),
c(l:v ' B vt ono tw™ et =c(1 vt E o (o nw T eT))
=c(1:E*:¢pnw toT).
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Now using the change of variables ¢ — v~1¢ and (3.8), we have
s(wv: v E* @1
=¢(P) Z (g v tw M) e(1: v L E* i pNu T o)
ETn ()
= ¢(P) Z vt v twT e ) e(1 v EF o i N T BT
€T, (P)
=s(w: E*: ®T).
Thus the constants s(w : E* : ®T) satisfy (3.2).

Suppose that there is 7 € E* such that (w7,a) > 0 for all « € ®T. Then for any
¢ € T, (®), (1,8) >0forall Bcpnw tdF, sothat c(l: E*: pNw 1d+) =0.
Thus s(w : E* : 1) = 0, and the constants satisfy (3.3).

Finally, when ® = (), we have 7,(®) = {0},¢(®) = 1,¢(0 : §) = 1, and
c(1: E:0)=1. Thus s(1: E:0) =1 and the constants satisfy (3.4). O

It remains to show that the constants s(w : E* : &) satisfy the patching
condition (3.5). Thus for the remainder of this section we assume that ®* is a good
choice of positive roots and fix a simple root o for ®*. If w; € W(®,,), w2 € Wk,
define

s(wywg : E* 1 ®F) = s(wy : (waE*)q : ®F).
Define s(w : E* : %) =0 if w ¢ W(®o)Wk. We must show that
(4.1)  s(w:E*:®T) +s(sqw: E*: ®1) = s(w: E* : &) + s(sqw : B : ®F).
We will first simplify the left hand side of equation (4.1). Define
T, (@, wta) ={p € T.(®) : wa € ¢}.
Lemma 4.2.
s(w: E*: @) + s(sqw : E*: @)
=c(®) X per, (@ 0-1a) €(@: wldT)[e(1: B* : pNw™1dT)
+ce(l: B gnw s, 1)
Proof. By definition we have
s(w: E*: @) + s(sqw : E*: @)
=c(®@) Y [e(¢:wTdN)e(1: E* i pnwT D)
PETn ()
+e(p:w s ®M)e(l: E* : g Nnw s, ®T).
By (3.8), €(¢p: w'®T) = e(we : T) and €(¢p : w5, PT) = e(sqwe : OT).

Suppose first that ¢ € 7,,(®,w™ta). Then a & we. Since « is simple for &+,
this implies that

we N sa®T =wpNedt.
Thus sq(wpN®T) C & and s, € W(we, ®T). Using (3.7),
€(sqwe : &) = —e(we : ®1).
Further,
pNw lse® =w N wepNs,®) =w HwpNd@T) =pNnuw 1dT,
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so that
c(1:E*:pNw tsa®@T) =c(1: E*: pNnw tdT).
Thus in this case
g :wdN)e(1: B* : pNw 10T
+e(p:w s ®M)e(l1: B gNw s, ®T) = 0.
Now if ¢ € 7,,(®,w™la), then a € we, so that s,wp = we and
e(we : ®1) = e(sqwe : ).
O

Let ¢ € T,,(®). Recall that a root S of ¢ is called a long root of ¢ if it is in an
irreducible factor of ¢ of type Ay or is a long root in an irreducible factor of type
By ~ (5. Tt is called a short root of ¢ if it is a short root in an irreducible factor
of type By ~ (.

Lemma 4.3. Let ¢ € T,,(®) and let B € ¢. Then B is a good root of ¢ unless 3 is
a short oot of ¢ and is noncompact. Let ¢ be a choice of positive roots for ¢ for
which 3 is simple. Then for all E* C E',
c(1:E*:¢T)+c(sg: E*:¢T) =0

if B is mot a good root of ¢. If B is a good root of ¢, then

c(1:E*:¢) +c(sp: E*: ¢T) =c(B,¢)c(1: E* : d);),
where
1, if B is a long root of ¢;

c(B,9) = {27 if B is short root of ¢.

Proof. Write ¢ = ¢ U ¢, where ¢’ is the irreducible factor of ¢ containing (3.
If ¢ is of type Ay, then ¢pg = ¢” is spanned by strongly orthogonal noncompact
roots, so 3 is a good root of ¢. By (3.5) we have

c(1:E*:¢T)+c(spg: E*:¢T)=c(1: E*: (b}') +c(sg: E*: ¢;)
But W(qf)g)WK((b) = W((b”), since WK(d)) C W(d)"). Thus S ¢ W(¢6)WK(¢),
and so c(sg : E* : ¢Z§) =0.
Suppose that ¢’ is of type By ~ Cy. We will use the notation

¢I = {:|:€1 + €9, :|:2€1, :|:262},

where the short root e; — ey is compact and the roots 2eq,2es,e1 + €2 are non-
compact. Then ¢e, e, = ¢” U {£(e1 — e2)} is not spanned by noncompact roots,
so e1 + ez is not a good root of ¢. However ¢, ., = ¢ U {£(e1 + e2)} and
$2e, = ¢ U{E2e;} for i,j =1,2,i # j, so that e; — ez, 2e1, and 2ey are good roots
of ¢.

Let 3 = e + e, and let ¢ be a positive system for which 3 is simple. Let
U = S2.,- Then o = ufl = e; — es is a good root and is simple for the positive
system u¢™. Now since usg = squ,

c(1:E*:¢%) +e(sg: E* i ¢) =clu: E* :u¢p™) + c(usg : E* : ugp™)

=c(u: E* :u¢p®) + c(squ: E* 1 ug™)
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=c(u: E*: go Nuet) + c(squ : E* : po Nug™).

But ¢ = ¢ U{£F}. Thus W(da)Wk(¢) is generated by W(¢"), sq and sg. In
particular, v3 = £+ for all v € W(¢o )Wk (¢). But u8 = a and squf = —a. Thus
u and s,u are both not elements of W (o)W (¢), and we have

c(u: E* : gpo Nug™) = c(squ: B* : po Nugp™) =0

by definition.
Now suppose that /3 is one of the good roots, and let 1 be an ordering for which
[ is simple. Then we have the patching condition

c(1:E* ¢ ) +c(sp: E*:¢T) =c(1: E*: (bg) +c(sg: E*: d)"ﬁ")
If B = e1 — eg is the short compact root, then sg € Wi (¢), so
c(sg: E*: (b}') =c(l:(sgE%)g: ¢;) =c(l: Ej: ¢;) =c(l: E*: ¢;)

If 5 is one of the long roots, then sg € W(¢g)Wgk(¢), so that c(sg : E* : qﬁzg) =
0. O

Let (1,82 be any roots of ®. We say §; = (o if either both 5; and (5 are
compact or both are noncompact.

Lemma 4.4. Suppose that the left hand side of (4.1) is non-zero. Then w™'a = a.
Proof. By Lemma 4.2, the left hand side of (4.1) is

@ D eprwdN)e(1: BT gnw T dT) (1 BT i gnw s, )],
€T, (P w—1a)

Suppose that « is any simple root in a factor of type Ay, Doy, E7, Eg, or G, or
is a long simple root in a factor of type B,,, Cy, or Fy. Then « is noncompact since
&7 is a good choice of positive roots. If the left hand side of (4.1) is non-zero, then
wta € ¢ for at least one ¢ € T,,(®). But w™la is in a factor of type A; of ¢ or is
a long root in a factor of type By ~ Cs, and hence is noncompact.

Thus w™la = a.

Now suppose that « is a short simple root in a factor of type Ba,, Cy,, or Fy. Then
« must be compact. Suppose that 3 = w™la is noncompact. Fix ¢ € T,,(®, w ™ a).
Then 3 € ¢ is a short noncompact root which is simple for the ordering pNw=1®+.
Furthermore, w™1ls, = sﬁw_l, so that

c(1:E*:pnuw ts,®") =c(1: E*: sp(¢pNw 1 ®1)) =c(sp : B* : pNw 10T,
By Lemma 4.3,
c(1: E*:pnuw @) +c(sg: B* : pnw t@T) = 0.

Thus in this case also, the left hand side of (4.1) is zero unless w™ta = a.

Finally, suppose that « is a short simple root in a factor of type Bs,11. Then « is
noncompact. Suppose that 3 = w~'a is compact and fix ¢ € 7,,(®,w ™). Since 3
is compact it cannot occur in the factor of ¢ of type A;. Thus it occurs in a factor of
type Ba. Write ¢ = ¢1 Ugpo U3, where ¢4 is the irreducible factor of ¢ containing (3,
¢3 is the irreducible factor of ¢ of type A1, and ¢; is the union of all other irreducible
factors. Then ¢o Nw 1@ = {B, B, B2 = A} and ¢z Nw 1dF = {33}, where (s, 53
are short noncompact roots. Define ¢/ = ¢; U ¢y U @5, where ¢y N w 1®T =
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{8,085, 83 £ 8} and ¢4 Nw™1®T = {B}. Then ¢/ = s5¢ € T,(®,w 'a) and
¢ Nw et = s5(pNw™1®T), where § = 5 — 3. Thus, by (3.7),

e :w M) = —€(¢p:w ™).

Further, 3 is a good root for ¢ and ¢', and ¢3 = ¢j3. Thus, again using Lemma 4.3,
c(1:E* :pnw @) +c(l: E* 1 pNw s, @T)
=c(1:E*:¢pnNw '®T) +c(sg: B : gnw 1dT),

20(1: E* : ggNw™'®T) =2¢(1: E* : gy nw™ ' ®T)
=c(1:E*: ¢ Nnw ) +c(1: E*: ¢ Nw ts,®T).

Thus when w™la # «, terms on the left hand of (4.1) can be grouped in pairs
which cancel. O

Let § € ®. We will say that 0 is of type L if 3 is a long root in an irreducible factor
of ® of type Cy,,n > 1. (Note this includes the cases that 3 is in an irreducible factor
of type A; ~ C; or is a long root in an irreducible factor of ® of type By ~ C5.)
Otherwise we will say that 3 is of type II.

Lemma 4.5. Let w € W. Then w™la = «a if and only if w € W (®,)Wg U
$aW(@o)Wi. Further, when « is of type I, W is the disjoint union of W(®,)Wxk
and soaW (Po)Wi. When « is of type II, W (@, )Wk = soaW (Do )Wk .

Proof. When « is of type I, w™'a = « for all w € W since all long roots in
irreducible factors of type C,,n > 1, are noncompact. It is also easy to check in
this case (see §5) that W is the disjoint union of W(®,)Wgk and s, W (®,)Wk.
Thus the result is true trivially.

Suppose that « is of type II and w™'a = a. We check case by case in §5
that w'a and a are conjugate via an element of Wx. That is, there is wy €
Wi such that wow™'a = «. This implies that wow™! € W (®,), so that w €
W(®,)Wp. Conversely, suppose that w € W(®, )Wk and write w = w;ws, where
w; € W(®,), w2 € Wg. Then wla = wz_la = «, since W(®,,) fixes a and
Wy preserves compact and noncompact roots. Thus w'a = « if and only if
w € W(®,)Wk in this case. Finally, note that w='s,a = —w™ta = «a if and only
if wa =a. Thus w € W(®,)Wy if and only if s,w € W (®, )W in this case,
so that W(®@, )Wk = s W(P4)Wk. O

Lemma 4.6. Suppose that w & W(DPo)Wg U soaW (Po)Wik. Then both sides of
equation (4.1) are zero.

Proof. In this case both w and s,w are not elements of W (®,)Wg. Thus
s(w: E* : ®F) and s(sqw : E* : ®}) are both defined to be zero, and so the
right hand side of (4.1) is zero. Further, by Lemma 4.5, w™!a # « in this case.
Thus by Lemma 4.4 the left hand side of (4.1) is also zero. O

Because of Lemma 4.6, it suffices to prove (4.1) in the case that w € W (®,)Wx U
$aW (®,)Wk. In fact, since both sides of (4.1) are symmetric in w, sqw, we may
as well assume that w € W(®,)Wig. Define

(o, @) 1 if « is of type I;
c a? = . .
2 if « is of type II.
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Note that this is consistent with the notation c¢(«, ¢) for ¢ € 7,(P,«) used in
Lemma 4.3, since a good root a € ¢ is of type I if it is long and is of type II if it is
short.
Lemma 4.7. Suppose w = wiwe where w; € W(®,,), ws € Wi. Then

s(w: E*: @) + s(sqw: E* : &)

= () E¢>6Tn(q>,a) (¢ witdM)e(l : we B : g Nwy tdF)
+ (80 : W E* : g Nwy 0T

and

s(w: E* : @) + s(sqw : E* : @)

= ¢(Py)c(a, D) Z e wt®N)e(1: (waE*) o s Nwy tdT).
YETH(Pa)
Proof. By Lemma 4.1, the constants s(w : E* : ®T) satisfy (3.2). Thus we have
s(wiws : E* 1 1) + s(sqwiwy : B* : 1)
= s(wy : waE* : ®T) + s(sqwy : wo B : ®T).
Now applying Lemma 4.2 in the case that w = w; and noting that w; la =
mwflsa = sawl_l, we get
s(wy : waB* 1 @) + s(sqwy s wo E* 1 ®T)
=c(®) X per, (@) €O wi e [e(1 : weB* 1 ¢ Nwy ')
+o(1:waE* : pNwy ts,@)]
= c(®) Z¢eTn(¢7a) e(d:wtdN)[e(l : waE* : ¢ Nwytd)
+c(sq :waE* : @ ﬂw1_1<1>+)].
For the second equation, by definition,
s(w: E*: @) = s(wy : (weFE*)y : OF)

=c(®a) Y e iw B )e(l: (waE o Y Nwy tBY).
YETn(Pa)
If o is of type I, w € W(®, )Wy implies that sqw & W (P, )Wk, so that
s(sqw: E* : ®1) = 0.
Since ¢(a, ®) = 1 in this case, the second equation holds.
If « is of type II, c(ar, @) = 2, so that we must show that

s(sqw : E* : ®F)
= ¢(P,) Z e wtdN)e(1: (wa By = Nwy L.
YETH(Pa)

In this case s, € W (P, )Wgk. Write s, = ujusz, where uy € W(®,,) and us € Wg.
Note that u] 'a = « and

-1 _ =1, -1 _ _
Uy 0= Uy U] = Sq0 = —(L

Also

SaW = SqWiWy = W1Sawa = (wiu)(usws)
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is the decomposition of sqw in W(®,)Wx. Thus, by definition,

s(sqw: E* 1 ®F) = s(wyuy : (ugwaE*), : ®F)

= ¢(Py,) Z e uytwi e )e(1 s (ugwa B ) g ¢ b Nuy fwy 1 0F).
PETn(Pa)
Since us € Wi, and usax = —q, it follows that us : &, — P, is an automorphism
which preserves compact roots. Thus us7,(®,) = 7,,(P,) and we can rewrite

s(sqw :7: ®F)

=¢(Py) Z e(ugt) s uy twi O )e(l s (ugwa B ) : ugth Nuy fwy 0L,
YETn(®a)
But by (3.8),
e(ugt) s uy wi T OF) = e(uruat s wi ' OF) = (¢ s wy 'OY)

since ujug®) = sa¥ = 1. Further,(uswe E*), = ug(woE*), and so, using (3.6) for
the automorphism us : &, — P,

(12 (ugwa By s ugth Nuy ' @F) = ¢(1: (wa By : 9 Nug tuy fwy 1 0T).
Again,

-1, 1 —lg+ _ 1+ — . —lag+
Uy U Wy PL =sw; P =w; P

|

Lemma 4.8. Suppose that o is a good root of ¢ € T,(P,«). Then ¢ € T,(Dy)
unless a is a long root in an irreducible factor of ® of type Cont1, and is in an
irreducible factor of ¢ of type Cs.

Proof. Since a is a good root of ¢ € T,,(®, ), ¢4 is spanned by strongly orthogonal
noncompact roots. Thus we need only check when ¢, is a two-structure for ®,,.
This depends only on the irreducible factor of ® containing «, so we may as well
assume that & is irreducible. If & is of type Ay, Da,, Er, Eg, or G2, then every
¢ € T(®) is of type A¥, and ¢,, is of type A]f_l, which is a two-structure for ®,,.
If @ is of type Bay,Cap, or Fy, then every ¢ € T(®) is of type BY and ¢, is of
type B;‘_l x Ay, which is a two-structure for ®,. Suppose that ® is of type Bay11
or Cant1. Then every ¢ € T(®) is of type By x A;. If o is a long root in the
Bs, 41 case or a short root in the Cy,41 case, then &, is of type Ba,_1 X Aj or
Con—1 X Ay. Further, a must be in a factor of type By ~ C5 of ¢, so that ¢, is
of type B;‘_l x A1 x Az, which is a two-structure for ®,. Now suppose that « is
the short simple root in the Ba,1 case or the long simple root in the Co,41 case.
Then @, is of type Ba, or Ca,. If a is in the A; factor of ¢, then ¢, € 7(D,)
since it is of type B3. However, if « is in a Bs factor of ¢, then ¢, is of type
Bg_l x Aj x Ay. This is not a two-structure for ®,. However in the B, 11 case, «
is the short simple root and so is noncompact. It is not good in ¢ when it occurs
in a By factor. Thus the Cs,11 case gives the only exception. O

Define
T.(®,0) = {6 € To(®,0) : do € To(Pa)}.

Suppose that « is not a good root of ¢ € T,,(®,«). Then ¢, is not spanned by
strongly orthogonal noncompact roots, so that it cannot be in 7,,(®,). Thus if
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¢ € Tp(P, ), then «a is a good root for ¢ so that c¢(«, ¢) is defined as in Lemma
4.3.

Lemma 4.9. Let w = wiws, where wy € W(®,,),ws € Wi. Then
s(w: E*: @) + s(sqw: E* : &)
= ¢(P) Z cla, P)e(po s wit®H)e(1 : (WaE*) g 1 ¢ Nwy L),
PET(P,0)’
Proof. By Lemma 4.7,
s(w: E* : @) + s(sqw : E* : &)
= ¢(P) Z e(p:w e e(l: waE* 1 pNwytdT)
P€Tn (P,a)
+c(sq :weE* i N w1_1<I>+)].
If o is not a good root of ¢, then by Lemma 4.3,
c(1:waE* : pNwit®F) + c(sq : wa B* : pNwy *®T) = 0.
If a is a good root of ¢, then, again by Lemma 4.3,
c(1:weE* 1 ¢ Nwi @) + (50 : woEB* : ¢ Nw ' dT)
= c(a, @)e(1 : (waE™) g & po Nwy  ®F).
Further, by Lemma 4.8, ¢ € 7,,(®, )’ unless « is a long root in an irreducible
factor of @ of type Cay,41, and is in an irreducible factor of ¢ of type Cs. In this
case write ¢ = @1 U o U ¢p3, where ¢ is the irreducible factor of ¢ containing «a, ¢3

is the irreducible factor of ¢ of type C1, and ¢; is the union of all other irreducible
factors. Then

_ 1
¢2 Nw; lpt+ = {a, ag, 5(0@ +a)}

and ¢3 Nw;'®t = {az}, where as, a3 are long roots. Define ¢/ = ¢1 U ¢y U ¢,
where

_ 1
by Nwy 0T = {a, as, 5(@3 +a)}

and ¢ Nw; '@+ = {az}. Then

¢ =550 € To(®,a) and ¢ Nwi'®" = s5(pNw;tdT),
where 6 = 1/2(ag — ag). Thus, by (3.7),

(¢ wtet) = —¢(¢:wi D).

Further, ¢o Nw'®t = (¢1 Nwi @) U {az, a3} = ¢, Nw;'®+. Thus terms
corresponding to the case that « is a long root in an irreducible factor of ® of type
Co,41, and is in an irreducible factor of ¢ of type Cs, can be grouped in pairs which
cancel.

Finally, for ¢ € 7,,(®, «)’, since « is a simple root for wl_1<I>+, by Lemma 3.3 we
have

(¢ wtdT) = €(po s witOY).
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For any root 8 € ®, define
T(2,0) ={¢€T(®):B€¢and ¢s€T(Pp)}.

Lemma 4.10. If 3 is any root of @, then ¢ — ¢g gives a bijection between T (P, 3)
and T(®g). Further, ¢ — ¢o gives a bijection between Tp (P, ) and T, (Py).

Proof. We may as well assume that @ is irreducible. By definition, if ¢ € 7(®, 5)’,
then ¢3 € T(®3). Now fix ¢ € T(Pg). Suppose that ¢ = ¢ U {£5} is a two-
structure for ®. (This will always be the case when ® is of type Ay, Da,, FE7, Eg,
or G, since in these cases all ¢ € 7 (®) are of type A¥.) Then clearly ¢g = .
Further, if ¢’ € 7(®, )" with (¢')g = ¢, then ¢ C ¢’. But all two-structures of ®
are isomorphic, so ¢ = ¢'.

Thus we can assume that ¢ U {3} is not a two-structure for ®. Then P is of
type By, Cy,, or Fy and ®g is of type By_1, Bp—2 X A1,Cp—1,Cr—2 X A1, Cs, or Bs.
In any of these cases, ¥ has at most 2 irreducible factors of type A, and if it has
two, they are spanned by roots of different lengths. If ¥ has no irreducible factors of
type Aq, then ¢ U{£[} is a two-structure for ®. Thus in the case that ¢ U {£8} is
not a two-structure for ®, ¢ has a unique irreducible factor i of type A; spanned
by a root 3 of the same length as 3, and 3,3’ span an irreducible factor ¢; of ®
of type By. Write ¢ = 9o U11. Then ¢ = 1y U ¢; is the unique two-structure of ®
such that ¢g = 1. This completes the proof of the first statement.

By definition, if ¢ € 7,(®, ), then ¢, € T,(P,). Now suppose that ¢ €
7. (®,). By the first part, there is a unique ¢ € 7(®, )" such that ¢, = 1. To
show that ¢ € T,(®,a)’, we just need to show that ¢ is spanned by a strongly
orthogonal collection of noncompact roots. Write ¢ = ¢g U ¢1, where ¢1 denotes
the irreducible factor of ¢ containing a. Then ¢g C ¢, so that it is spanned by
strongly orthogonal noncompact roots. Now

{xa}, if ¢ is of type Aq,
o1 =< {ta,+0,£8+ a}, if ¢1 is of type Bs and « is short,
{xa,+0,+£1/2(6+ )}, if ¢1 is of type Bz and « is long,
and
if 1 is of t, A
O TIE F AN,
{£p}, if ¢y is of type Bo.

Note that in the By case, § is in an irreducible factor of ¢, of type A; and hence
must be noncompact.

Suppose that « is compact. This occurs only when « is a short root in an
irreducible factor of ® of type Bay,, Cy,, or Fy. In these cases ¢ must be of type Bs.
Since « is compact and 3 is noncompact, o+ § are strongly orthogonal noncompact
roots spanning ¢;. Now suppose that « is noncompact. In the A; case it spans ¢;.
In the Bs case, if « is a long root, then so is 3, and «, 3 are strongly orthogonal
noncompact roots spanning ¢;. The case that « is a short noncompact root in
a Bs factor cannot occur. This is because ® would have to be of type Ba,y1 to
have a short noncompact good root a. Then, as in the proof of Lemma 4.8, for
¢ € T(®,0), po € T(P,) implies that « is in an irreducible factor of type A; of
0. |
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Lemma 4.11. Let ¢ € T,(®,a)’. Then

e(D) cla, @) = ¢(Py) c(a, D).
Proof. As usual it is enough to check the case that ® is irreducible. Suppose that
® is of type Day,n > 2, E7, Eg, or Go. Then &, is of type Day_o X Ay, Dg, Ex,
or A; respectively. Every a is of type II, so that ¢(o,®) = 2. Further, every
irreducible factor of ¢ is of type Aj, so that ¢(a, ¢) = 1. Thus we must show that

c(®) = 2¢(P,). This follows immediately by inspection from the table preceding
Theorem 3.4. The proof in the other cases is given in §5. O

Proof of Theorem 3.4. Because of Lemma 4.1, it is enough to show that the con-
stants s(w : E* : ®1) satisfy the patching conditions for every w € W, E* C E’,
when « is a simple root for a good choice ®* of positive roots. Because of Lemma
4.6, it is enough to prove the patching conditions for w = wiwy € W(D,)Wk.
Using Lemmas 4.7 and 4.9, we have

s(wiwg : B 1 ®T) + s(sqwiwy : B* : 1)

=c(®) Y clae(da i wi BTl (waE )t do Nwy OL);
$ET, (P,0)!

s(wiwg : B* 1 ®F) + s(sqwiwg : E* : @)

=c(@a)c(a, @) Y e wi B )e(l: (weE)a Y Nw DY),
YETH(Pa)

Using Lemma 4.10, it suffices to prove that for all ¢ € 7,,(P, a)’,
c(®) cla, P) = c(Py) ca, D).
This is Lemma 4.11. O

5. TECHNICAL LEMMAS

We still need to check Lemmas 3.1, 3.3, and 4.5 for irreducible root systems of
types Cp,n > 1, By, n > 3, Day,,n > 2, B, Eg, Fy, and G3. We also need to check
Lemma 4.11 for irreducible root systems of types C,,,n > 1, B,,,n > 3, and Fjy.

The Case ® = GG3. Suppose that @ is of type G3. We will write
q)-‘r:{aiaﬁi . 1§Z§3},

q)-"}; = {a37 53}7

where the «a; are short, the §; are long, and (a;, ;) = 0,1 < i < 3. Clearly
D, = {0}, Pp = {*a;},1 < i < 3. Thus a root is good just in case it is
noncompact. We can assume that the roots are numbered so that {ay, B2} is the
set of simple roots for ®*. Then ®* is a good choice of positive roots, and every
simple root for ®T is good. This completes the proof of Lemma 3.1 in this case.
Because of (3.8), it is enough to prove Lemma 3.3 for the good choice ®T given
above. The only two-structures of ® have positive roots ¢ = {a;, 3;},1 < i < 3.
&7 is the lexicographic ordering with respect to the basis 31, a1 of ¢1. Thus, using
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the definition on [K, page 501], we have €(¢; : @) = 1. Now ¢3 = s, 85,07, S0
that by (3.7),

(g : @) =¢€(¢py : @T) = 1.

Thus for each two-structure ¢ containing a simple root of &+, we have ¢(¢ : 1) = 1.
For either simple root «, ®, is of type A1, so that for the unique two-structure ¢
containing o, €(dq, : ®F) = 1. This completes the proof of Lemma 3.3.

Suppose that « is a simple root for ®+ and w € W with w™'a = a. Then a and
w~ta are both noncompact and the same length. The reflection s,, interchanges
oy and ap while the reflection sg, interchanges 3, and (3. Further, sq,s3, = —1,
so that any two noncompact roots of the same length are conjugate via Wy . This
completes the proof of Lemma 4.5.

The Other Irreducible Cases. Now suppose that ® is irreducible of type B,,n >
3,Cp,n>1,D,,n=2k>4,FE7 Eg, or Fy. In each case we can realize ® as a root
system in R"™, where n is the rank of ®, except in the case of E7, where we take
n = 8. Write n = 2k or n = 2k + 1. Let ®* be the positive system corresponding
to the set S(®) of simple roots, where

S(Bp) ={e1 —e2,e2 —€3,...,6n_1 — €n,€n};
S(Cn) = {61 —€2,62 —€3,...,Ep—1 — €En, 2€n};
S(Dn) ={e1 —ez,e2—€3,...,n_1 —€n,en_1+en};

S(E7) = {e3 —e4,e4 — €5,€5 — €6,66 — €7, €7 + €3, €7 — €3,
%(61 —ey—e3—e4—e5— e —er+eg)l;

S(Eg) = {62—83,63—84,...,66—87,€7+88,€7—68,
%(61—62—63—84_65_66_e7+68)};

S(Fy) = {es — es,e3 — es,e4, 5(e1 — €2 — €3 — e4) }.

Note that E7 is realized as the set of roots in Fg orthogonal to e; + es.

We define compact and noncompact roots in ® by specifying that every simple
root is noncompact when ® is of type Bagy1, Dok, E7, or Eg. If ® is of type Bag, Cp,
or Fy, all long simple roots are noncompact and all short simple roots are compact.
Thus ®T satisfies the condition necessary to be a good choice of positive roots.

Lemma 5.1. With the choices of compact and noncompact simple roots above, ®
is spanned by strongly orthogonal noncompact roots.

Proof. We will need the following facts, which are easily checked in each case. Let ®
be an irreducible root system of type B,,,n > 3,C,,n >1,D,,n =2k > 4, Fr, Ej,
or Fy, and let S = S(®) = {aq,...,a,},r = rank @, be the set of simple roots
for @ as above. Any v € & can be written as v = Y ._, m;a;, where the
m;, 1 < i < r, are nonnegative integers. Let 71 be the longest root in ®, that is,
the root for which m(y1) = Y_._, m; is maximal. Then ~; is a long root, and m(v;)
is odd. Further, if ® is of type Bay,Cy, or Fy, and «; is short, then m; is even.
Thus 7; is a long noncompact root in ®. Finally, if ] = {8 € ®* : (3,71) = 0},
then ®; has rank r — 1, and the simple roots S; for @f are a subset of S.

We prove the lemma by induction on the rank of ®. Let «; be the longest root in
®*, and define ®,5; C S as above. Then if ® is of type Bayi1, Bak, Cn, Dok, Er,
Eg, or F‘47 then (I)l is of type B2k_1 X Al,BQk_Q X Al,Cn_l,DQk_Q X Al,DG,E7,
or C5 respectively, where the A; factors are generated by long roots. Since S; C S,
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every long root in S7 is noncompact. Further, when ®; has an irreducible factor of
type Bag—_1, the short simple root comes from Bsj1 and is noncompact. When @4
has an irreducible factor of type Bai_s or Cp_1, the short simple root comes from
® of type Bay,C,, or Fy, and hence is compact. Thus ®] satisfies the condition
necessary to be a good choice of positive roots. By the induction hypothesis, &}
is generated by a set {72,...,7-} of strongly orthogonal noncompact roots. Now
{71,-.+,7r} generates ®. Since 7 is long and noncompact, it is a set of strongly
orthogonal noncompact roots. O

Lemma 5.2. Let a € &. Then « is a good root if it satisfies one of the following.
(i) ® is of type Bogt1, Dok, E7, or Es, and « is noncompact;
(ii) ® is of type Bay,Cy, or Fy, and « is long and noncompact, or short and
compact.

Proof. Let v;,1 < i < r, be a set of strongly orthogonal noncompact roots spanning
®. We will use facts about expansions of roots in terms of the basis {v1,...,7}
from [K, page 513].

Assume first that ® is not of type Bagy1. Then all the 7;’s are long roots. Let
« be a long noncompact root. If & = +; for some 1 < i < r, then ®,, is generated
by the 7;,j # i. Otherwise, there is I C {1,2,...,r} with four elements such that

=3 e
iel
where ¢, = 1,4 € I. Assume for simplicity of notation that I = {1,2,3,4}.
For each i € I, let s; denote the reflection in the root =;. Since the ~;’s are
long noncompact roots, s,sq00 = @ — €,7Yp, — €47 is long and noncompact for any
1 <p#q<4. Now the roots

1 = 838540, Qg = S9540¢, (3 = S2S3(X
are all noncompact long roots, mutually orthogonal, and orthogonal to . Thus
{a; :1<i<3}U{y;:5<5<r}

is a set of strongly orthogonal noncompact roots spanning ®,,.

Now suppose that « is a short compact root. Since ® has a short root and is
not of type Bayy1, ® is of type Bag, Cp, or Fy. Then thereis I C {1,2,...,r} with
two elements such that

o= % Z €%,
iel

where ¢; = +1,i € I. Assume for simplicity of notation that I = {1,2}, and let
a1 = sea. Then since « is compact, a1 = a— €272 is noncompact and is orthogonal
to a. Now

{far}U{y;:3<j<r}

is a set of strongly orthogonal noncompact roots spanning ®,,.

Finally, suppose that ® is of type Bar+1. Then exactly one of the ~;’s, say ~,,
is a short root. Suppose that « is a long noncompact root. If (a,~,) = 0, then
we can construct a basis of strongly orthogonal noncompact roots for ¢, as above.
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Suppose that («,7,) # 0. Then there is I C {1,2,...,r — 1} with two elements
such that

1

a=g Zei%‘ + &
iel

where €, = +1,¢; = +1,4 € I. Assume for simplicity of notation that I = {1,2}.

Then

a1 = S0 = & — 26,y

is a long noncompact root orthogonal to . Further,

1
o = 526171 = — €Yr
iel

is a short compact root, and
/ /
Qg = Sotx = (X — €272

is a short noncompact root orthogonal to « and . Thus {1, s} U{v3,...,yr—1}
is a strongly orthogonal set of noncompact roots spanning ®,,.

Suppose that « is a short noncompact root. If @« = +~,, then &, is spanned
by 71,...,%—1. Otherwise, (o, ~,) =0, and there is I C {1,2,...,r — 1} with two
elements such that

o = %Zéz"yz

iel

Assume for simplicity of notation that I = {1,2}. Since « is noncompact, &' = s«
is compact and short. Let

_ ’ _ !
o= + Y, Q3= — Y.

Then a; and as are long noncompact roots, mutually orthogonal, and orthogonal
to a. Thus {a1,a2} U{7y3,...,7—1} is a strongly orthogonal set of noncompact
roots spanning ®,,. O

This completes the proof of Lemma 3.1.

Proof of Lemma 3.3. Let ®T be the good choice of positive roots with simple roots
S(®) given above. Because of (3.8), it is enough to prove Lemma 3.3 for this
standard choice ®*. We define a two-structure ¢ as follows. For 1 < i < k, let
¢; be the intersection of ® with the linear span of {eg;_1,e2;}. Let ¢drt1 be the
intersection of ® with the linear span of {e,} if n = 2k + 1. If n = 2k is even, we
set ¢r+1 = 0. Then

k+1

¢o=J ¢
i=1
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is called the canonical two-structure for the positive roots ®*. Define an ordered
orthogonal basis B(®) for ¢, as follows.

B(C,) = (2e1,2ea,...,2¢e,);
B(Bsy) = B(Dsy,) = B(Es) = B(Fy)

= (e1+e2,e1 —€2,... €261 + €2k, €26—1 — €2k);
B(Bakt1) = (e1+ €2,e1 —€2,. .., €261 + €2k, €2k—1 — €2k, €2%4+1);
B(E7) = (61 —eg,e3+eq,63 —€4,...,67+€38,67 — 68).

This ordered basis satisfies the conditions of the definition in [K, page 501]. That is,
it contains the positive root in each irreducible factor of type A; and the two long
positive roots ai, as in each irreducible factor of type Bs. Further, oy immediately
precedes as in the ordering when the roots are numbered so that a; — ay is twice
a positive root. Now, ®T is the lexicographic ordering determined by B(®). Thus
6((}50 : (I)+) =1.

Suppose that o is a simple root for ®* which is contained in ¢o. Then 1y =
(¢0)a € T(Py). If v is a long root in ¢, then o € B(P), and we define an ordered
basis B(®,) for ¢y by deleting o from B(®). Suppose that « is a short root in
¢o, that is, a short root in an irreducible factor ¢;,1 < i < k, which is of type
Bs. Let o/ be the short positive root in ¢; orthogonal to a, and let 31, 32 denote
the long positive roots in ¢;. Then we define an ordered basis B(®,) for ¢y by
deleting 31, B2 from B(®), and replacing them with /. In either case B(®,) is a
basis for 1y satisfying the conditions in [K, page 591], and ®} = &, N &7 is the
lexicographic ordering determined by B(®,). Thus

€((¢0)a : ®F) =1 =€(¢o : ®F).

Now suppose that « is a simple root that is not in ¢g. It is easy to check by
looking at the lists of simple roots S(®) above that there is a simple root o’ such
that o/ € ¢p, a and o have the same length, and («, ') # 0. Write 0 = $o/Sq.
Then a = oo’ € o¢g. Since a and o’ are simple,

ot No e = {a, 5},

where 3 = s, = o+ «a’. Since 3 has the same length as o', but is not orthogonal
to o, it cannot be in ¢g. Further, o & ¢y by assumption. Thus U¢3— C ®*. Also,
(£ and « are not in ®,/, so that 0<I>;t, C ®*. Thus

e(ogy: @) =deto =1

and
e((0d0)a : 0F) = e((do)ar : T) =1,
since
o (0¢0)a = ($0)ar
and

oot =07 H P, NOT) =Dy No T = 0.

Thus for each simple root o of @1 we have found one two-structure ¢; such that

a € ¢1,Y1 = (¢1)a € T(Pn), and
€(p1: D) =€(yhr : @) = 1.
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Now take an arbitrary ¢ € 7(®) such that o € ¢ and ¢, € 7(P,). Then there
is 0 € W(¢1,®}) such that ¢7 = o9 Let ¢o be the irreducible factor of ¢;
containing o. Then

{a}, if ¢9 is of type Aq;
o3 =<4 {a,3,8+al, if ¢ is of type Bs and « is short;
{a, B, %(ﬂ +a)}, if ¢ is of type By and « is long.

Now o1 C ®F and oca = a. Further, when ¢s is of type Bs we have 8 € 1} so
that o3 € ®F. Now since « is simple for &+, we have oc(B+a) = c(cf+a) € DT,
where ¢ = 1 if « is short and ¢ = 1/2 if « is long. Thus o¢] C T and

e(opr : @1) =deto = e(g, : PF).

Finally, since ca = «, (0¢1)a = 0(P1)a = do. This implies that oy = ¢ by
Lemma 4.10. O

Proof of Lemma 4.5. Suppose that « is a simple root of type I. Thus ® = C,,,n > 1,
and o = 2e,,. Then &, = C,,_1, so that W(®P,,) contains all sign changes except
So- Wk contains all permutations, so that W is the disjoint union of W(®,)Wgk
and s, W (D, )Wk.

Suppose that « is a simple root of type Il and w—ta = a for w € W(®). We
must show that o and w™'a are conjugate via Wg. Since o and w~'a have the
same length, it will suffice to show that o and 3 are conjugate via Wi if g = «
and has the same length as .

If « is compact, then ® is of type Bog, C,, or Fy, and « is short. ®g is of type
By x Dy, A,_1, or A1 x C3 respectively, and when ® = Fy, the A; factor in & is
spanned by a long root. Thus any two short compact roots are in the same simple
factor of @k, and hence are conjugate via W

Suppose that « is noncompact. Then ® is of type B,,n > 3, Doy, k > 2, Fr, Eg,
or Fy, and in the case of ® = By or Fy, « is long.

We first consider the case that ® is of type B,,n > 3. Here ®k is of type
By X D,,_, where By, is spanned by the even indices and D,,_j is spanned by the
odd indices. Thus Wx contains all permutations of even indices, all permutations
of odd indices, all sign changes of even indices, and an even number of sign changes
of odd indices. Let s; denote the sign change e; — —e;. Suppose n = 2k + 1 is
odd, and let @ = egx41 be the short simple root. If § is any short noncompact
root, then 8 = £eg;41, where 0 < j < k. The permutation that exchanges ez;41
and egjy1 is in Wg. Further, since n > 3, there is 0 <14 # j < k, and the product
of the sign changes s2;1152;41 € Wx. Thus in any case we can find v € Wg with
Vek1 = Fegjy1.

If « is a long simple root, then o = e; — e;41 and 3 = *e; £ e, where, since
[ is noncompact, we can assume without loss of generality that j = ¢ mod 2 and
k =i+1 mod 2. Using Wg we can permute the pairs (¢, 7) and (i +1, k). As above,
there is an element of Wy which changes the sign of the term with the odd index.
But W also contains all sign changes corresponding to even indices. Thus we can
find v € Wi with v(e; —e;41) = e, £ ep.

The final case is when ® is of type Dok, k > 2, E7, Fg, or Fy, and in the case
of ® = Fy, o is long. Let § be any noncompact root in ® of the same length
as a. We will show that when @ is of type E7, Eg, or Fj, there is a root system
®; C ® which contains both o and 3, is of type Dy, p > 2,, and is spanned by
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strongly orthogonal noncompact roots. Thus it will suffice to prove the result when
® = Dyp,p > 2. Then ®x = D, x D, where one D,, factor is spanned by the even
indices and the other is spanned by the odd indices. In this case a = e; & e;41 for
some 1 <7< 2p—1,and 3 = +e; e, where j =¢mod 2 and k =i+ 1 mod 2.
Using Wk we can permute the pairs (4,7) and (¢ + 1, k). We can also change the
signs of e; and ey as above, since there are at least two even indices and at least
two odd indices.

It remains to produce the root system ®;. If ® is of type Fy, then o and (§ are
long, and we can take ®; to be the set of long roots in ®. Suppose that ¢ is of
type E7 or Eg. Write @ = 1 and let {72,...,7} be a set of strongly orthogonal
noncompact roots spanning ®,. Then {v1,...,7:} is a set of strongly orthogonal
noncompact roots spanning ®. As in the proof of Lemma 5.2, either 8 = +;
for some i, or § = %Eiel €;7; where I consists of four indices. In either case,
there are at least r — 5 > 2 of the ~;’s which are orthogonal to both « and 3.
For simplicity of notation assume that ~,_1,~, are orthogonal to both « and (.
When @ is of type Er, let 1 = {v € @ : {v,7,) = 0}. When @ is of type Eg, let
O ={y€D:(y,7)=0,i=r—1,r}. In either case ®; is of type Dg, is spanned
by strongly orthogonal noncompact roots, and contains both « and 5. O

Proof of Lemma 4.11. We need to check Lemma 4.11 for irreducible root systems
of type C,,,n > 2, B,,,n > 3, and F}.

Suppose that ® is of type Cy,,n > 1. When a = 2¢,, is the long simple root, ®,,
is of type C,—1 and « is a long root in ¢ for all ¢ € 7(®). In this case we always
have

c(®) = ¢(P,) = c(a, @) = ¢(a, ) = 1.

When o = e; — e;41 is a short simple root, ®, is of type Cp,_2 X A7 and if o € ¢,
it must be a short root in an irreducible factor of type Cs. Thus we have

e(®) =¢(Py) =1 and ca, ¢) = c(a, D) = 2.

Suppose that @ is of type B,,n > 3. If a = e, is the short simple root, then ®,,
is of type B,_1. When n = 2k is even, every ¢ € 7,,(®, )’ is of type BE, so that
« must be in an irreducible factor of type Bs of ¢. In this case we have

c(®) =21 =¢(®,);  cla,®) = cla, d) = 2.

Suppose that n = 2k + 1 is odd. Then ¢ € 7,,(®, )’ is of type B x By and « is in
the irreducible factor of type By of ¢. In this case we have

c(®) =2F, (@) =21 cla,®) =2, cla,0)=1.

When o = e; — e;41 is a long simple root, ®, is of type B,_o x A;. Let
¢ € T,(P,). Then a must be a long root in an irreducible factor of type Bs.
When n = 2k is even we have

c(®) =281 (@) =22 cla,9)=1, cla,®)=2.
When n = 2k + 1 is odd we have
c(®) =28, (@) =21 cla,0) =1, cla,®)=2.

Suppose that ® is of type Fy. If « is a short simple root (compact) and ¢ €
T.(®, ), then ®, is of type B3 and « is a short root in an irreducible factor of ¢
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of type Bs, so
o(®) = 2= c(@a);  cla, ®) = cla, ) =2
Suppose that « is a long simple root (noncompact) and ¢ € 7,,(®, «)’. Then ®,,

is of type Cs, and since « is a long root in ¢ we have
c(®)=2, ¢(Py)=1, c(a,®)=2, c(o,0)=1.
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